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Abstract: In this paper picture fuzzy graph has shown more advantage in handling vagueness and uncertainty than fuzzy set.
We have applied concept of picture fuzzy set to fuzzy set. Picture fuzzy graph is generalization of fuzzy graph. The concept of
picture fuzzy graph has discussed here. In this paper complement and Ring sum operation of picture fuzzy graphs has
discussed isomorphic property of picture fuzzy graphs. We have used picture Fuzzy graph play important role in representation
of many uncertain decision making problem in daily life since Picture fuzzy set is an efficient mathematical model to deal with
uncertain real life problems, e.g. number theory, coding theory, cryptography, computer science, operation research, also we
are using certain concepts of bipolar fuzzy directed hypergraphs Finally we have proved the Ring sum of two picture fuzzy

graphs is also a picture fuzzy graph.
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1. Introduction

Graphs do not represent all the systems properly due to
uncertainty or vagueness of the parameter of system. In such
case it is natural to deal with the uncertainty using the
method of fuzzy theory introduced by zadeh. In 1994
Rosenfeld [4] introduce fuzzy graphs andseveral fuzzy
analogs of graph theoretic concepts. Since several other
formulation of fuzzy graph problems have appeared in
literature.

The Picture fuzzy set is an efficient mathematical model to
deal with uncertain real life problems, in which fuzzy set
mayfail to reveal satisfactory results. Picture fuzzy graph is
an extension of the classical fuzzy set. It can work very
efficiently in uncertain circumstances which involve more
answers like yes, no, abstain and refusal. Fuzzy graph has
used to model many decision making problem in uncertain
environment. A number of generalizations of fuzzy graphs
have been introduced to deal the uncertainty of the real life

problem. Picture fuzzy graph would be prominent research
direction for modeling the uncertain optimization problems.

In 2019Cen Zuo [3] all provides a picture fuzzy social
network, a social unit is represented by node, a social unit
has some good, neutral and bad activity. In this study
complement of picture fuzzy graph, Ring sum operation of
picture fuzzy graphs has discussed. Isomorphic property of
picture fuzzy graphs based on picture fuzzy relation has
mentioned. Further we have proved the Ring sum of two
picture fuzzy graphs is also a picture fuzzy graph. In 2017
Akram,

M., Lugman, A [1] proved Certain concepts of bipolar
fuzzy directed hypergraphs. In 2008 A. Nagoor Gani and J.
Malarvizhi [2] proved Isomorphism on Fuzzy Graphs. In
1994 Johan N. Mordeson and Chang-Shyh Peng [5] gave
operations on fuzzy graph. In 2000 J. N. Mordeson P. S. Nair
[6] introduce Fuzzy Graphs and Fuzzy Hyper graphs. In 1965
L. A. Zadeh [7] introduce Fuzzy sets. In 2002 M. S. Sunitha
andA. VijayaKumar [8] introduce Complement of fuzzy
graph. In 2011 Mehidi Eatemadi, Ali Etemadi &
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Mohammad-Mehdi Ebadzadeh [9] gave idea about Finding
thelsomorphic graph with the use of algorithms based on
DNA. In 2017M. Akramand R. Akmal [10] gave
Intuitionistic Fuzzy Graph Structures. In1975R. T. Yeh and S.
Y. Banh [11] gave Fuzzy relations, fuzzy graphs and their
applicationsto clustering analysis. In 2018 S. Samanta and B.
Sarkar [12] gave Representation of completions by
generalized fuzzy graphs. In 2018 Sarwar, M., Akram, M.,
Alshehri, N. O. [13] introduce a new method to decision-
making with fuzzy competition hyper graphs. In 2015 Sing P.
[14] introduce Correlation coefficients for Picture fuzzy set.
In 2007 Y. Vaishnaw and A. S. Ranadive [15] gave
isomorphism between fuzzy graphs.

2. Preliminary

Definition 2.1 [4] Let G be a graph whose vertex set is V,o
be a fuzzy sub set of V and p be a fuzzy sub set of VXV then
the pair (o, ) is called fuzzy graph if

uu,v) <o) Ao(v),Vuvev

Definition2.2 [11] A fuzzy graph (o,u) is said to be
complete if

w(u,v) = o) Ao(v) = u(u,v),vu,vev

Definition 2.3 [11] Consider the fuzzy graph G;: (o4, 11)
and G,: (o,, 1) with o] =V, and o5 =V, are isomorphism
between two fuzzy graphsG; andG, is a bijective mapping

h:V, - V,0;,(u) = Gz(h(u))v uev

andvVh(u) €V, And y,(u,v) = uz(h(u),h(v)) Yuvevy
we write in this caseG; = G,.

3. Main Results

Definition 3.1 A pair G = (V E) is called a picture fuzzy
graph on G* = (V*E*)
whereV = (uy, oy, py) is a picture fuzzy set on V*and V =
(ug, og, pg) is picture fuzzy set on E* € V* X V*such that for
each arc uv € E*

Mg(uv) < (py(w) A py(v)), o (uv)
<(oy(w) Aoy (v)), pg(uv)

= (py(W) V py (V)

Example 3.1
u(0.4,0.6,0.
e
(0.3,0.3,0.4 (0.2,0.2,0.4
w(0.6,0.3,0. L @ v(04,0.3,04)
(0.2,0.1,0.4)

Figure 1. Picture Fuzzy Graph.

Definition 3.2: A picture fuzzy graph G = (V E) is said
to be complete picture fuzzy graph if

HE (UV)(HV(U) A HV(V)), og(uv) = (oy(W) A oy(v)), pg(uv) = (py(u) V py(v)

Where V = (uyoypy) is a picture fuzzy set on V*
and V = (ugogpg) is picture fuzzy set on E* € V* X
V*such that forall u,v € V*

Definition 3.3 A picture fuzzy graph G = (V E) is said to
be strong picture fuzzy graph if

ug(uv) = (Mv(u) A HV(V)): og(uv) =(oy(w) A oy(v)), pe(uv) = (py(w) V py(v)

Where V = (uyoypy)is a picture fuzzy set on V*
And V= (chEpE)picture is fuzzy set on E* € V* X
V*for all uv € E*

Definition 3.4 The complement of a picture fuzzy graph
G = (V,E) is a picture fuzzy graph G’ = (V' E")if and only
if as follows-

Wy =Wy, 0’y = oy, p'y = pv, W (v) = (py(w) A py(v)) — pg(uv),

o'g(uv) = oy(w) A oy(v)) — og(uv), p'g(uv)

= (py(w) V py(v) — pg(uv) Vu,v € V*

Proposition3.1 The complement of a picture fuzzy graph G = (V, E) is also a picture fuzzy graph.

Proof:

! — ! — ! —_
Hv = Hy, 0y = 0Oy,Pv = Py

Wev) = (py( A py () = pp(v) < (py() A py () = (Wy@) A 'y (W),

o'g(uv) =(oy (W) A oy (V) — og(uv)

< (oy(W) A oy(V) = (a'vy(W) A o'v(V),
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p's(uv) = (py(W) V py(v) — p'g(uv) < (py(w) V py(v) = (p'y (W) V p'y, (V)

Hence complement of a picture fuzzy graph G = (V,E) is
also a picture fuzzy graph.

Definition 3.5 Suppose G; = (V4,E;) and G, = (V,, E,) be
two picture fuzzy graphs of G*; = (V*,E*;) and G*, =
(V*,, E*,) respectively then G; = (V;,E;) and G, = (V,, E,)
are said to be isomorphic if a bijective mappingh: V; — V,
such that

Ha,(uq) =HA2(u2)a0A1(u1) = Oa, (h(u1))
pAl(ul) = Pa, (h(uy)) and
uBl(ul'Vl) = U, (h(uy), h(vy))

uy(w) = (y, + py,)u =

oy = (v, +py,)u =

py(W) = (pv, +py,)u= {
ug(uv) = (g, +pg,)uv =

pe(uv) = (PE1 +p EZ)UV =

og(uv) = (O’El + O'EZ)UV = {

OB, (ug,vy) = Og, (h(uﬂ: h(V1))
pg, (Uy, vi) = pg, (h(uy), h(vy)),

Definition 3.6Suppose G; = (V;,E;) and G, = (V,, E,) be
two picture fuzzy graphs of G*; = (V*{,E*;) and G*, =
(V*,, E*,) respectively thenjoin G, + G, of two picture fuzzy
graphs G; = (V;,E;) and G, = (V,,E,) is defined as G =
(V,E) Where V = (Ua,04,pa) is picture fuzzy set on
V*=V*; UV", and E = (ug, 0, pg) is an another picture
fuzzyset on E* = E*; U E*, U E’ (E’ represents the set of all
arcs joining the vertices ofV; and V,).

Hy, (W) ifu € Vy
Hy, () ifu €V;

Ry, (W Apy, ) ifueVynv;

oy, (u)ifu € Vy
oy, () ifu e V;

oy,WAcy,(u)ifuevynVv;

py,(w)ifu € Vy
pv,(w)ifu € V;

pv,(WVpy,(wifueVvynv;

ng, (uv)ifuv € Ej
wg, (uv) ifuv € E;

ng, (W) Apg, (uv) ifuv € E] N E;

o g, (uv) ifuv € E]
o g,(uv) ifuv € E;

og,(uv) Aog,(uv) ifuv € E N E;

p g, (uv) ifuv € Ej
p g, (uv) ifuv € E;

pg,(uv) Vpg,(uv)ifuv € Ef N E;

ug(uv) = (pg, + Kg,)uv = pg (W) V pg, (uv) ifuv € E’
og(uv) = (O'El +o Ez)uv =og,(uv) Vog,(uv)ifuv € E'

pe(uv) = (pE1 +p Ez)uv =pg,(u) Apg,(uv)ifuv € E’

Definition 3.7 Suppose G; = (V,E;) and G, = (V,, E,) be
two picture fuzzy graphs of G*; = (V*,E*;) and G*, =
(V*,,E*,) respectively thenUnion G; U G, of two picture
fuzzy graphsG,; = (V;,E,) and G, = (V,,E,) is defined as

uy(W) = (py, Uy, )u =

G = (V,E) Where V = (1a,04,pa) is picture fuzzy set on
V*=V*, UV*, and E = (ug, 0, pg) is an another picture
product fuzzyset on E* = E*; UE™,

ny, (W) ifu € V7
ny,() ifu € V;

v, () Ay, (W) ifu € Vi N V3

oy(w) = (HV1 U Hvz)u =

oy, (u)ifu € Vy
ovy,(w)ifu €V;

oy,(WAcy,(W)ifueVynv;
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py(w) = (pv1 u Pvz)u = {

og(uv) = (oEl Uo Ez)uv =

He(uv) = (HE1 u HEZ)UV = {

pg(uv) = (PE1 up EZ)UV =

pv,(w)ifu € Vy
pv,(wifu €V;

pv,WApy,(W)ifueVynv;

wg, (uv) ifuv € Ej
wg,(uv) ifuv € E3

wg, (uv) A pg,(uv) ifuv € E] N E;

o g, (uv) ifuv € Ej
o g, (uv) ifuv € E;

og,(u) Ao g, (uv) ifuv € E] N E;

p g, (uv)ifuv € Ej
p g, (uv) ifuv € E;

pE,(u) Apg,(uv) ifuv € Ef N E;

Definition 3.8Suppose G; = (V,E;) and G, = (V,, E,) be
two picture fuzzy graphs of G*; = (V*,E*;) and G*, =
(V*,, E*,) respectively thenRing sumG; @ G, of two picture
fuzzy graphsG,; = (V;,E,) and G, = (V,,E;) is defined as

by (u) = (HV1®H vz)u =

G = (V,E) where V = (Ua,04,pa) is picture fuzzy set on
V*=V*, uUV*, and E = (ug, 0, pg) is an another picture
fuzzyseton E* = E*; UE*,

wy, () ifu € Vy
wy, () ifu € V;

v, ) Ay, () ifu € V7 N V3

oy(w) = (llv1 D Mvz)u =

py(u) = (PV1 ®Dp Vz)u =

oy, (w)ifu € Vy
oy, () ifu € V;

oy,(WAoy,(u)ifu€eVvinv;

pvy,(w)ifu € Vy
pv,(w)ifu €V;

p v, (W) Apy, (W) ifu € Vi NV;

ng, (uv)ifuv € Ej

me(uv) = (Mg, @M g, )uv = { g, () ifuv € E;

0 otherwise

o g, (uv) ifuv € Ej

og(u) = (05, ®0 g, )uv = {0 (uv)ifuv € E;

0 otherwise

p g, (uv) ifuv € Ej

pe(uv) = (pE1 Dp Ez)uv =PE, (uv) ifuv € E;

Theorem3.1 Suppose G; = (V;,E;) and G, = (V,,E;) be
two picture fuzzy graphs of G*; = (V*,E*;) and G*, =
(V*,, E*,) respectively thenRing sumG; @ G, of two picture
fuzzy graphsG, = (V;,E,) and G, = (V,, E,) is also a picture

0 otherwise

fuzzy graphs.

Proof: We have to show that the Ring sumG; €@ G, of two
picture fuzzy graphsG; = (V;,E;) and G, = (V,, E,) is also a
picture fuzzy graphs. For thisit is sufficient to show that

ug(uv) = (HEleBH EZ)UV
< (uv, ® uv)uA (v, ® uy,)v),
og(uv) = (0E1®0 Ez)uv <(o v, Boy,)un(oy, & O'VZ)V) and

pe(uv) = (pg, B pg,)uv < (pv, D pv,)uV(py, @ pv,)v ) in different cases.
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Ifuv € Ef — Ezand u,v € V' — V; then
e(u) = (g, g, )uv = pg, (uv) < py, (W A py, (W)
= [(hv, Unv,)u Ay, Uny,)v]
= [(hv,®uv,)un (v, ®uv,)v|
og(uv) = (O’El@O' Ez)uv =0, (uv)
<oy, (W) Aoy, W
= [(0 v, Y sz)u A (0 g, UO EZ)V]
= [(0 g, Do Ez)u A (0 v, Do VZ)V]
pe(uv) = (PEl@P EZ)UV =p El(UV)
Spy, (W) Apy, (W)
=[(p v,Up vz)u ACpv,Up vz)V] =[(p v,p vz)u Ap v,®p VZ)V]
Ifuv € E} — Ezand u € V; — V§ v € Vi N V; then
() = (g, ®K g, Juv = pg, (W) < py, (@ Apy, (W
= [(hv, Unv)u Ay, Arv,)v],
= [(hv,®uv,)un (v, ®uy,)v|
og(uv) = (051690 Ez)uv =og @) <oy,(WAcy (1)
=[(ov,Voy,)uA(oy, xay,)v] =[(cy,@ov,)un(oy,ov,)v]
pe(uv) = (pg,®p g,)uv = p g, (W) < py, (W) Apy, ()
=[(pv,Upv,)ur(pv,xpv,)V]
=[(pv,®pv,)un(pv,®pv,)v]
Ifuv € E] — Ezand u,v € Vi N V; then
pug(uv) = (pg, ®ug,)uv = pg, ()
Suy,WApy,WApy, APy, W)
=[(v, Unv,)u Ay, Uny,)v]
= [(hv,®nv,)un (v, ®uy,)v|
og(uv) = (05160 Ez)uv =0 g, (uv)
<oy,WAoy,(V) Aoy, (W) Acy, V)
=[(oy,Vovy,)unr(oy, Uoy,)v|
=[(ov,®0v,)un (oy,®cv,)v]
pe(uv) = (P, ®p £, )uv = p g, (W) < py,(W APy, APy, (W APv,W)

=[(pv, Upv,)u ACpv, Upv,)v] =[(pv,®pv,)un(pv,®pv,)V]

Likewise we can prove the theorem in following VeV NV;,
conditions Ifuv € E; — Ejand u,v € V{ N V3, andIfuv € E; N Ejand
Ifuv € E; —Ejandu,v € V; — Vf uveV NV

Ifuv € E; —Ejandu € V5 — V; Remark:- Suppose G; = (V;,E;) and G, = (V,, E;) be two
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picture fuzzy graphs of G*; = (V*;,E*;) and G*, =  fuzzy graph ofG; = (V;,E;) and G, = (V,, E,) then we have
(V*,,E*,) respectively and Ring sum G, @ G, is picture

(hg, @ HE)u= (Mg, @ pE)u=(Lg O gy
(g, ®0op)u=(0g, Bop,)u(Pr ®pp)u=(Pr, ®pg,)u
And(pg, ®H g, Juv = Ly, (W) Ay, (V) — (e, @1 5, )uv
=y, (W) Apy, () = {y, @) Ay, () = (kg ®nEg,)uv} = (g, Brg,)uv
And similarly

(0131@0_ Ez)uv = (GE1®0 Ez)uV’ (pE1®p Ez)uv = (pE1@p Ez)uv
Theorem 3.2 Suppose G; = (V,E;) and G, = (V,,E,) be Proof:- Given that G, = (V;,E,) and G, = (V,, E,)are two
two picture fuzzy graphs of G*; = (V*,E*;) and G*, =  picture fuzzy graphs of classicalgraphs G*; = (V*;, E*;)and
(V*,, E*,) respectively ( E*; N E*, # @)then G*, = (V*,,E*,) respectively andl: V,;@®V, —» V; + V,be the
. identity mapping, then it is sufficient to show that
(G1 D Gy) = Gy + Gy
(H v, ® Hvz)u: (v, + BV, (oy, D oy,)u
=(oy, +tov)u(py, Dpv,)u
=(Pv, tPv,)u
And(u g, DU Ez)uv =g, + Wg)uv, (0 g, @ og,)uv=(Gg, +0g,)uv
(g, ®pe)uv=(pg, +Pg,)uv
Now(py, ® pv,)u=(ny, ® ny,)u=(Ly, Upy,)u=(ny, +Tv)u
(ov, ® ov,)u=(ov, B oy, )u
= (0V1 UGVz)u = (GV1 +0—\’2)u (pV1 ® sz)u:( Pv, @ sz)u

=(Pyv,Upv,)u=((pv, +py,)u

And (H g, D HEZ)UVZ (Hv1 S HVZ)U/\(Hvl @ Hvz)u_ (H g, D HEZ)UV
= (v, + Ry, )uA (Ry, +oy,)u— (g, @ pg,)uv=

(u v, T uvz)uA (le + uvz)u — (u El)uv ifuv e E*; — E*,
(“V1 + uvz)u/\ (u v, T uvz)u - (u Ez)uvifuv eE", —EY
(hv, +1v,)un (ny, + Hy,)u therwise

Next we illustrate different cases like
Case-1 whenuv € E'i.e.u € Viandv €V,

(H E1 ® HEZ)UVZ (H ' @ HVZ)U/\ (Hv1 ® Hvz)u - (H E1 ® HEZ)UV

= (Hy, +uy,)uA(py, + 1y, )u—0=[Iy,() ATy,)] = [Tg, + g, |uv

:(GV1 @GVZ)UA(GV1®GVZ)U—(051 @O-Ez)uv
= (0v1+0v2)U/\(0v1+0v2)U—0

= [V (W ATV, )] = [, + 55, Juv
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=(Pv,®pv,)Jur(pv, py,)u

_(p Eq Do Ez)uv

= (pV1 + sz)UA (p Vi + sz)u -0 = [p—Vl(u) Ap—vz(v)] = [p—E1 +p—Ez]uV

And similarly we can prove (u g, DK Ez)uv = (g +
H)uv in following different cases
1. Whenuv € E*; —E*,and u,v € V*{ — V",
. Whenuv € E*; —E*,andu,ve V', nV*,
. When uv € E*; — E*, andueV*; NV*,,v € V*; N V",
. Whenuv € E'i.e.u € Viandv € V,,
. Whenuv € E*, —E*jand u,v € V¥, — V¥,
. Whenuv € E*, —E*; andu,ve V', nV~,
. Whenuv € E*, —E*; andueV*; nV*, ve V:; n V",

NN LN

Theorem 3.2 Suppose G; = (V;,E;) and G, = (V,,E,) be
two picture fuzzy graphs of G*; = (V*{,E*;) and G*, =
(V*,,E*,) respectively (E*; NE*, # @)

Then(G; + G,) =G, @ G,

Proof: Since G; = (V;,E;) and G, = (V,,E;) be two
picture fuzzy graphs of G*; =(V*,,E*;) and G*, =
(V*,, E*,) respectively ( E*; N E*, # @) then

Case [ whenuv € E*; —E*,and u,v € V" — V",

(hv, Frv,)u= (py, ®puy,)u

=y, (W) =y, () = (v, ®Hy,)u

(0v1 +0V2)u = (0v1 (&) sz)u =oy,(W) =0y, (W) =@y, Boy,)u

(PV1 + pvz)u = (pv1 Dp vz)u =py,W=py,) =(v,Dpv,)u

And(pg, + g, uv= (v, F v, )ur (i, Fiv,)v— (kg +HE,)uv

= (nv JuA (uy v =pg = py, ) Apy, (V) = pg, @) = T @) = (G © iuv

(O’El +0E2)uV: (le +0V2)uA(0V1 +O'V2)V— (O’El +0E2)uv

= (0 vl)u A (0 vl)V — o, (uv)

= 6y, A0y, () — o, W)

=0g,(u)

= (01 ® opuv

(pe, +p)uv=(pv, TPv,)uAr(pv, +pv,)v—(pg, +pg,)uv

=(pv )ur(pv,)v—pg,@v) = py,Apy, (V) — pg,(uv) = pg, (uv) = (p; D py)uv

And similarly we can provethe theorem in following
different cases

Il whenuv € E*; NE*yandu,ve V*; NV~",

MIwhen uv € E™i.e.u € V*;and v € V*,

IVwhenuv € E*;ande.u € V';andv e V*; NV",

4. Conclusion

Graph theory has many applications in solving various
problems of several domains, including networking,
communication, data mining, clustering, image capturing,
image segmentation, planning, and scheduling. However,
in some situations, certain aspects of a graph-theoretical
system may be uncertain. Use of fuzzy-graphical methods
in dealing with ambiguity and vague notions is very
natural. Fuzzy graph play important role in representation
of many uncertain decision making problem in daily life
e.g. number theory, coding theory, cryptography,

computer science, operation research etc. To deal with
such problems, a number of generalizations of fuzzy graph
have appeared in literature. This study described the idea
of picture fuzzy graphs, complement of picture fuzzy
graphs, Ring sum operation of picture fuzzy graphs,
isomorphism of picture fuzzy graphs based on picture
fuzzy relation have mentioned with common vertices and
edges are taken as condition. Further we have described
Ring sum of two picture fuzzy graph is also a picture
fuzzy graph and some independent results on picture fuzzy
graph in different cases which are fuzzy version of
classical graph theory.
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